Abstract-The electromagnetic force between two misaligned coils (coils with parallel axes) with uniform current density distribution and rectangular cross section based on the derived semi-analytical expressions was presented. Using the semi-analytical expressions for magnetic force between filamentary misalignment circular coils we calculate the propulsive and the transverse magnetic force. In order to verify the validity of the expressions, we use the filament method with Grover's formula to calculate the magnetic force for two coils with parallel axes. The results obtained by two methods are in a very good agreement. In this paper, the derivation of the semianalytical expressions and the calculation results of the magnetic force are introduced.
INTRODUCTION
The calculation of electromagnetic force between misaligned coils with rectangular cross section is of great importance for the design of motors, superconducting magnet, and hybrid magnet combined with superconducting coils and water-cooled coils [1] [2] [3] [4] [5] . An interaction force, such as axial force and radial force, exists for non-tilted coils that are offset axially and radially as a result of possible misalignment of coils during installation, vibration, gravity, or other reasons. It is important to compute the mid-plane axial compressive force in a magnet comprised of several nested solenoid coils and the radial force in a superconducting magnet with epoxy impregnated with thick windings with one bobbin [5] . The magnetic force calculation of a superconducting magnet is very useful for optimization the support structure design. In a superconducting magnet, there is no resistance during operation. For a hybrid magnet combined with an outsert superconducting magnet and an inner water-cooled magnet, it is very important to obtain the magnetic force between two types of magnet, especially in the event of the inner watercooled magnet short circuit. In the event of an electric short circuit produced by the inner water-cooled magnet, the magnetic center of the water-cooled magnet displaces generating large forces on the outsert superconducting magnet. The system must be able to withstand such fault loads. Moreover, the interaction forces will have an impact upon the design of the structural support when part of the water-cooled coils becomes shorted and ceases to produce the magnetic field in a hybrid magnet system [3, 4] . Thus, an accurate evaluation of the interaction force is required. Many contributions to the interaction force calculation with coaxial or parallel axes based on the analytical or semi-analytical, and the filament method have been performed [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The magnetic force can be obtained by using series which converge slowly. Also forces can be calculated by multiple integrations that can be tedious work, or they can be calculated by using modern numerical methods such as Finite Element Method, Boundary Element Method or Method of Moments. Recently the numerical methods are inevitable in modern engineering calculations and design but in many practical applications it is possible to use either analytical or semianalytical methods in the calculation of the magnetic force because of coil geometries which appear in the form of circular coils of rectangular cross section, thin wall solenoids or disk coils (pancakes). In this paper, we derive a new semi-analytical expression to calculate the interaction force between misaligned coils with uniform current density and rectangular cross section. By using the semi-analytical expressions for magnetic force between filamentary misalignment circular coils we calculate the propulsive and the transverse magnetic force. To verify the validity of the method, the filament method based on mutual inductance gradient method with Grover's formula was adopted. The results obtained by two methods are in a very good agreement. In this paper, the derivation of the semi-analytical expressions and the calculation results of the magnetic force are introduced. 
BASIC EXPRESSIONS
Let us take into consideration two filamentary circular coils with parallel axes that carry currents of strength I 1 and I 2 . The mutual inductance between these coils of radius R P and R S respectively, can be calculated by [11] (See Figure 1) ,
where
K(k) -complete elliptic integral of the first kind [15, 16] . E(k) -complete elliptic integral of the second kind [15, 16] .
The magnetic force between two current-carrying coils can be derived from the general expression for their mutual inductance,
where I 1 and I 2 are currents in the coils, M is their mutual inductance and 'g' is the generalized coordinate or the variable which can represent the axial or radial displacement. Thus the generalized coordinate determines the type of the magnetic force: a) In the case of the axial magnetic force g = c. It is also called the propulsion magnetic force (axial force). b) In the case of the lateral magnetic force (radial force) g = d. It is also called the transverse magnetic force due to the asymmetry. Also we use the term the restoring magnetic force because of the coil's lateral displacement [12] [13] [14] .
Propulsion Magnetic Force
Applying (1), (2) and g = c, the propulsion magnetic force (axial force) between two filamentary circular coils with parallel axes can be obtained in the following form,
If d = 0 we have the coaxial case [11] ,
Restoring Magnetic Force
Applying (1), (2) and g = d, the restoring magnetic force (radial or lateral force) between two filamentary circular coils with parallel axes can be obtained in the following form,
If d = 0 the restoring force (radial force) is equal zero because coils are balanced [11] .
R P -radius of the primary coil; R S -radius of the secondary coil; c -distance between planes of coils; d -distance between axes.
In this paper the possible singular cases, where coils overlap or touch, have not considered because they are not of the physical importance or they are not physically possible. However, some of these cases can be found analytically for
CALCULATING METHOD
The electromagnetic force between two laterally misaligned coils (coils with parallel axes) with uniform current density distribution and rectangular cross section can be calculated by presented semi-analytical expressions (3) and (5) and the filament method [1] and [12] . Let's take into consideration the system of two non-coaxial circular coils of rectangular cross section with parallel axes, as shown in Figure 2 , with N 1 and N 2 being the number of turns of the windings.
It is assumed that the coils are compactly wound and the insulation on the wires is thin, so that the electrical current can be considered uniformly distributed over the whole cross sections of the winding. The corresponding dimensions of these coils are shown in Figure 2 . The cross sectional area of the first coil I is divided into (2K+1) by (2N +1) cells and the second coil II into (2m+1) by (2n+1) cells (see Figure 3) . Each cell in the first coil I contains one filament, and the current density in the coil cross section is assumed to be uniform, so that the filament currents are equal. The same assumption applies to the second coil II [1] . This means that it is possible to apply (3) or (5) to filament pairs in two coils. Using the filament method and previously obtained formulas for axial and radial force between two laterally misaligned circular filaments, magnetic force (2K + 1)(2N + 1)(2m + 1)(2n + 1)
where F Axial (h, l, g, p) and F Radial (h, l, g, p) are given by (3) and (5) respectively with,
In our approach we take that the primary coil R P is larger than the secondary coil R S . Equations (6) and (7) can be used as the general formulas to calculate the magnetic forces components (axial and radial) of all noncoaxial circular coils (wall solenoids, pancakes, circular filaments) with parallel axes. For example, the configuration, the thin wall solenoid and the thin disk coil (pancake) with parallel axes, can be obtained from the general cases (6) and (7) by replacing h P = b = 0 and omitting two sums for variables h and p.
EXAMPLES

Example 1
In this example we calculated the restoring (radial) magnetic force F R and the propulsive (axial) magnetic force F Z between the primary circular coil R P = 42.5 mm and the secondary circular coil R S = 20 mm with the axial displacement d = 3 mm in the function of the distance between planes c [18] . All currents are equal to 1 A.
In this example we have two circular coils with parallel axes. Using the presented method in this paper we have: R P = 42.5 mm; R S = 20 mm; d = 3 mm; c between 0 and 11 mm.
Professor J. T. Conway (private communication) kindly provided the authors with the magnetic force results of an independently developed method [17] . In [17] , Conway calculated magnetic forces between thin coils with parallel axes using Bessel functions. All results Tables 1 and 2 can be obtained by the general approach to calculate the magnetic force between two inclined circular loops positioned in any desired position [18] .
Example 2
In this example we calculate the magnetic force between two misalignment superconducting coils of rectangular cross section with the following parameters (See Table 3 ) by using the presented method. In this calculations the propulsion magnetic force is equal zero because the axial displacement is c = 0. Thus, we calculate the transverse magnetic force due to the asymmetry. This force is also called the radial force because of the misalignment between coil axes. The formula (5) and the filament method are used to calculate this transverse force. From Table 4 we can see that all results are in an excellent agreement. In [6] the radial magnetic force has been obtained by the numerical integration of the corresponding mutual inductance. By the presented approach the radial magnetic force has been obtained analytically from the corresponding mutual inductance. Table 5 . Restoring force as a function of the displacements c and d.
Restoring (radial) force ( The total magnetic force obtained by [17] is,
.209137115829183 mN Appling modified Equations (6) and (7) for this coil configuration, the total magnetic force is,
Radial + F 2 Axial = 9.209351630507772 mN The number of divisions was N = n = 50. All results are in a very good agreement with the absolute discrepancy about 0.00233%.
Example 4
Calculate the magnetic force between two thin non coaxial wall solenoids displaced by the perpendicular distance d and with the coil centers displaced by an axial distance c [17] . The larger solenoid has radius R 1 = 1 and its end planes lie at z 1 = 0 and z 2 = 4. The smaller solenoid has radius R 2 = 0.5 and has end planes at z 3 = 1 + c and z 4 = 3 + c. Both solenoids have 100 turns and each carries a current of 1 A. All distances are in meters.
From Tables 5 and 6 we can see that results obtained by two approaches are in a very good agreement. The number of divisions was K = m = 50. If in all previous calculations the number of coil divisions increases the results will be more precise but the computational time will increase considerably. For practical engineering and physicist applications it is reasonable not to take a lot of conductor divisions. As we can see in previous example the absolute average discrepancy is about 0.02% and less.
CONCLUSION
In this paper, we propose new formulas for calculation the magnetic force between circular coils with misaligned axes regarding the axial and radial displacement. Obtained formulas are given in semianalytical form. The presented method can be used in the large scale of practical applications either for micro coils or for large coils. Presented examples show that all results obtained by the presented approach are in an excellent agreement with already published data. 
